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Let G be a simple-pseudo graph with a looped vertex
v € V(G). “Pressing v” is the operation of transforming G
into G(v), a new loopy graph in which G[N(v)] is
complemented. That is,

V(G(v)) = V(G), E(G(v)) = E(G)A{N(v) x N(v)}
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PRESSABLE
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GRRnS e The goal of the pressing game is to transform a simple
pseudo-graph G into the edgeless graph by pressing a
sequence of vertices.

e We say vy, vo, ..., Vk is a successful pressing sequence
for G if pressing the vertices vy, vo, ..., v in order
transform G into the edgeless graph:

G veev) = (V(G), 0)
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GRrarus e An ordered, simple pseudo-graph, abbreviated
OSP-graph, is a simple pseudo-graph with a total order
over its vertices.

e An OSP-graph G is said to be order-pressable if there
exists some initial segment of V(G) that is a successful
pressing sequence.

o It G = ([n], E) is order-pressable then we let G
denote the result of pressing vertices 1,2, ..., k in order.
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el An OSP-graph G is said to be uniquely pressable if it is

SIMPLE

PsEupo- order-pressable and G has no other successful pressing
SRAPHS
sequence.

If G is a connected OSP-graph that is uniquely pressable
then the pressing length of G is | V(G)|.

Proof:
e wlog V(G) = [n]
e If pressing length is m < nthen
G,Gy,Gy, ..., G = ([N], 0)



A CHARAC-
TERIZATION
OF UNIQUELY
PRESSABLE
SIMPLE
PSEUDO-
GRAPHS

If G is a connected OSP-graph that is uniquely pressable
then the pressing length of G is |V(G)|.

Proof:
G,Gy,Gy, ..., Gy = ([n], 0)

o Letk = m[ln {i | G+ has more than / isolated vertices}.
elm
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then the pressing length of G is |V(G)|.

Proof:

G,Gy,Gy,s Gy, G ooy Gy = (1], 1)

@ There exist some vertex ¢ > k such that

Ne,,(0) = No_, (K)
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then the pressing length of G is |V(G)|.

Proof:
G, (37, Gg, - Gm, , 67, ., Gz = ([n], 0)

No_. () = No_, (K)

o1, .. k—1,0k+1,...0—1 k{+1,...misalsoa
successful pressing sequence for G.
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{{gﬁ;{ A simple pseudo-graph G contains a successful pressing
sequence if and only if every non-trivial component of G

contains a looped vertex. )

‘CoROLLARY7
If G is a uniquely pressable OSP-graph with at least one
edge then G contains exactly one non-trivial component C
and the pressing length of G is |V(C)|.

v

In order to understand uniquely pressable OSP-graphs it will
suffice to understand connected, uniquely-pressable
OSP-graphs.
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CUP,, is the set of connected, uniquely pressable,
ordered (<y), simple pseudo-graphs on n
positive-integer vertices.
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Let A be the adjacency matrix of a simple pseudo-graph G.
Cooper and Davis showed the following are equivalent:

e Gis order-pressable on length k,
e Ais leading principal nonsingular of rank k,

e A= UTU for some upper-triangular matrix U and A has
rank Kk
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The following are equivalent:
e G is order-pressable on length n = |V(G)|,
e Every leading principal minor of A(G) is non-zero,

e A= U'U for some unique and invertible
upper-triangular matrix U
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PSEUDO-

GRraPHS We denote by G the result of pressing vertices 1,2, ..., k in
order,

G Gy Gy
1 ]O ) 1
2 2
© 0
o
3 3 3
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GRAPHS We denote by 67 the result of pressing vertices 1,2, ..., k in
order,

V.

The instructional Cholesky root U = U(G) is defined by
U= (uij) e F3*" by

1 ifi<jandje Ng_,(i),
Ui,j — i—1 .

0 otherwise.
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ifi<jandj € NGT{(I'),

otherwise.
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11 10 0 o o o o
0 0 1 1 0 0

1 0 1 0 1 0 1

U .U

1 0 0 1

1 1 0 1

1 1 0
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11 10 0 o o o o
0 0 1 1 0O 0 0
1 0 1 0 1 0 0 1
U _ U A
1 0 0 1 1 1 1 1
1 1 0 1 1/l='1 0 0
1 1 0 1 1 0 1
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matrix A.



A CHARAC-
TERIZATION
OF UNIQUELY
PRESSABLE
SIMPLE
PSEUDO-
GRAPHS

The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b))



A CHARAC-
TERIZATION
OF UNIQUELY
PRESSABLE
SIMPLE
PSEUDO-
GRAPHS

The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and forall i,j € [n]:

Sij={te[Kl: ij € E(G—)AE(Gy))



A CHARAC-
TERIZATION
OF UNIQUELY
PRESSABLE
SIMPLE
PSEUDO-
GRAPHS

The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and forall i,j € [n]:

Sij={te[Kl: ij € E(G—)AE(Gy))

Tij={tec[k]: tic E(Gtv_?) and tj € E(Gﬁ)}‘
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The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and forall i,j € [n]:

Sij={te[K]: i € E(G—)AE(Gy)}
Tij={tec[k]: tic E(Gtv_?) and tj € E(Gﬁ)}‘

e §;; lists the times during the pressing sequence that
the edge ij was created/removed.
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The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and forall i,j € [n]:

Sij={te[K]: i € E(G—)AE(Gy)}
Tij={tec[k]: tic E(Gtv_?) and tj € E(Gﬁ)}‘

e §;; lists the times during the pressing sequence that
the edge ij was created/removed.

° g =S
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The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and for all /,j € [n]:

Sij=1{te[k]:ijc E(Gﬁ)AE(G—H)}
Tij={te[K]: tie E(G—)and {j € E(G—)}-

) a,-,/- = |S,"/"
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The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and for all /,j € [n]:

Sij=1{te[k]:ijc E(Gﬁ)AE(G—H)}
Tij={te[K]: tie E(G—)and {j € E(G—)}-

o a,-,/- = |S,"/"
° Sjj=Tij
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The instructional Cholesky root U of G is a Cholesky root of
the adjacency matrix A of G.

J

For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and for all /,j € [n]:

Sij=A{te[k]: ij € E(G—=)AE(G7)}
Tij=A{telk]: tic E(G)and fj € E(G—)}
@ g = |S,"/"

° Sjj=Tij
e |T;j| is the dot product of the i and j" columns of U
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Gunris For a OSP-graph G = ([n], E) with pressing sequence
1,2, ..., k, instructional Cholesky root U and adjacency
matrix A. Let UTU = B = (b;;) and for all /,j € [n]:

Sij=A{te[k]: ij € E(G—=)AE(G7)}
Tij=A{telk]: tic E(G)and fj € E(G—)}
@ g = |S,"/'

° Sjj=Tij
e |T;j| is the dot product of the i and j" columns of U

bij=|Tijl =1Sijl = aij
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GRRERS Given G = ([n], E):
67 is the result of pressing vertices 1,2, ..., k in order,

kK
Gk is the result of pressing and deleting vertices 1,2, ..., k
in order.

Given M € F3*" with rows and columns indexed identically

by [n]:
M- is the result of removing row and column / from M.
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Mot If G € CUP, then G' € CUP,_4 and the instructional
PSEUDO-

%
Grarns Cholesky root of G is Uj;.

The unique pressing sequence of G is realized by
G, GT>, G?, ey G
The unique pressing sequence of G? is realized by

G?,G?,....,Gﬁ

_)
and so the unique pressing sequence of G is realized by

Gy —-1,G3—1,...Gz -1
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Let G € CUP, and let H = G — n be the induced subgraph
of Gon[n—1]. Then H € CUP,_4 and the instructional
Cholesky root of H is U,
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e H=G-neCUP,_4
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N () = NHOANa(1), 1) € E(H)
T NH(), 1j ¢ E(H)
_ {{NGU)ANGU)} —{n}, 1jeE(H) < 1jeE@G
Na(j) — {n}, 1j¢ E(H) < 1j ¢ E(G
_ {NG?U)—{n}, 1j € E(G)
NG7(j)_{n}7 1I¢E(G)
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PRESSABLE . .
SIMPLE Proof Outline: For all j € [n — 1]:
PSEUDO-
GRAPHS

N () = NHOANa(1), 1) € E(H)
T NG, 1j ¢ E(H)
_ {{NGU)ANGU)} —{n}, 1jeE(H) < 1jeE@G
Na(j) - {n}, 1j¢ E(H) < 1j ¢ E(G

{NG?(/) ~{n}, 1j€E(G)
NG7>(j) - {n}7 1/ ¢ E(G)

1 is a looped vertex and HT’ = GT’ —n
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el Proof Outline: For all j € [n—1]:
SIMPLE

. G — [N AN (1), 1€ EH)
YT N 0), 1j ¢ E(H7)

_ J{Ne,(DaNe. (1)} — {0}, 1€ E(Gy)

Ne.(j) - {n}, 1j ¢ E(G7)

_ {Ne,ﬁ(/) —{n}, 1jeE(G+)
NGm(j) —{n}, 1j¢ E(G7)

1,2,...,n—1is avalid pressing sequence for H that is
encoded by U,
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and let 7 = (V1, Vo, ..., vn,1,n).
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H=G-neCUP,_;

A CHARAC-
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PRESSABLE

SiveLe H is order pressable so adj(H) = VTV for some
Grapns instructional C. We need to show that H is uniquely
pressable.

Let o = (vq, w2, ..., Vo_1) be a valid pressing sequence for H
andlet r = (vq, Vo, ..., Vp_1, N). Let P be the permutation
matrix encoding 7 (observe that P; encodes o). Let

A=A(G)and U = U(G):

det(PAPT) = det(P) det(A) det(PT) =

= det(A) = det(UT)det(U) =1 #£0
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Let G € CUP,, with instructional Cholesky root U. Then any
principal submatrix of U on k consecutive rows and
columns is the instructional Cholesky root of a CUP graph.

If U is the instructional Cholesky root of G € CUP,, then U
must have all 1’s on the main diagonal and super-diagonal.
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where * has 1's above the odd-weight columns of U;
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To show uniqueness of pressing sequence we show that
UPT=QU <« P=Q=I

by Gram-Schmidt Orthonormalization.
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Number of eernrected uniquely pressable simple
pseudo-graphs on vertex set [n] is

=

5 (\/§>n72 + 1) nis even

(\/§>n+1 + 1> nis odd

Vv
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PSEUDO- Let M be the set of upper-triangular matrices U over F»
satisfying for all i < j € [n]:
e ujj=1

® Ujj= 1= Uip1j= 1

o wi(i) < wt(i+1)

o If wi(i) > 2 then wi(i) < wit(i + 2)

o If wt(i) =1 then wt(i) =i andif i # 1 then wi(j) = j for
allj>1i
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ujj =1,

Uij=1= Up1j =1, i<jen
M= wt(i) < wit(i + 1), iel[n—1]
wi(i) > 2 = wit(i) < wi(i + 2), iel[n—2]

wt(i) =1 = wt(k) =k, 1<i<k<n
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U,',,':‘I, ie[n]
Uij=1= Up1j =1, i<jen
M= wt(i) < wit(i + 1), iel[n—1]
wi(i) > 2 = wit(i) < wi(i + 2), iel[n—2]
wt(i) =1 = wt(k) =k, 1<i<k<n

is the set of instructional Cholesky roots for the previously
discussed uniquely pressables.
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If G = ([n], E) € CUP, then its instructional Cholesky root
Ue M.
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GRAPHS

The properties of M hold on U; and U; by inductive
argument. Hence the hold on the first n — 1 columns of U.

We show they hold on the n" column by case analysis of
Uy p and up p.
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e M is the entire set of instructional Cholesky roots of
uniquely pressable simple pseudo-graphs on [n].

The number of non-isomorphic uniquely pressable simple
pseudo-graphs on n vertices is

N —

5 (\/§)n72 + 1) nis even

(\/ﬁ) " i 1> nis odd

=
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e Do the linear extensions of the instructional Cholesky
DAG always correspond to pressing sequences?

e Is the pressing game conjecture true?

e Describe the pressing sequence meta-graph for
OSP — G(n, p) graphs.



